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ON KU¨CHLE MANIFOLDS WITH PICARD NUMBER GREATER THAN 1
ALEXANDER KUZNETSOV
Abstract. We describe the geometry of Ku¨chle varieties (i.e. Fano 4-folds of index 1 contained in the
Grassmannians as zero loci of equivariant vector bundles) with Picard number greater than 1 and the
structure of their derived categories.
1. Introduction
In 1995 Oliver Ku¨chle classified in [Ku¨c95] all Fano manifolds of degree 4 and index 1 which can
be represented as zero loci of equivariant vector bundles on Grassmannians. His list consisting of 21
examples can be considered as a first step towards the classification of Fano 4-folds and is still the main
source of examples of those. However, the actual geometry of Ku¨chle varieties was not investigated so
far. This paper is a first step in this direction.
Here we consider only those Ku¨chle varieties which have Picard number greater than 1. There are four
such examples in the list:
(b4): the zero locus of a global section of the vector bundle S2U∨ ⊕O(2) on Gr(2, 6);
(b9): the zero locus of a global section of the vector bundle S2U∨ ⊕ S2U∨ on Gr(2, 7);
(c7): the zero locus of a global section of the vector bundle Λ2U⊥(1)⊕O(1) on Gr(3, 8); and
(d3): the zero locus of a global section of the vector bundle Λ2U∨ ⊕ Λ2U∨ ⊕O(1) on Gr(5, 10).
Here U and U⊥ denote the tautological vector subbundles of ranks k and n − k on the Grassmannian
Gr(k, n) respectively, while O(1) stands for the ample generator of its Picard group. The main result
of the paper is an alternative description of these varieties, which gives a much better understanding of
their geometry. In particular, we apply this to describe the structure of the derived categories of coherent
sheaves of these varieties.
In fact, for variety of type (b4) an alternative description is evident, and in case (b9) it is provided
by a recent result of Casagrande [Cas14]. Furthermore, the case (d3) is quite simple and I would guess
that it should be known to experts, although I couldn’t find a reference. Finally, the case (c7) is not that
simple but still is quite manageable. The description of this variety is the main result of the paper.
Of course, a simplified description which we get is possible for the Ku¨chle varieties under consideration
because their Picard group has big rank and so they have additional structures which can be used. It
is hard to expect something similar for other Ku¨chle varieties. Their geometry should be much more
complicated, but at the same time much more interesting.
I would like to point out two questions about the geometry of other Ku¨chle varieties, which seem to me
to be of special interest. First, in the Ku¨chle’s list there are two varieties which have the same collections
of discrete invariants:
(b3): the zero locus of a global section of the vector bundle Λ3U⊥(2) on Gr(2, 6), and
(b7): the zero locus of a global section of the vector bundle O(1)⊕6 on Gr(2, 7).
Question 1.1. Are Ku¨chle varieties of types (b3) and (b7) deformation equivalent?
This work is supported by the RSF under a grant 14-50-00005.
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Remark 1.2. Soon after a preliminary version of this paper appeared, Laurent Manivel gave in [M15] an
affirmative answer to this question.
The second question concerns yet another variety:
(c5): the zero locus of Λ2U∨ ⊕ U⊥(1)⊕O(1) on Gr(3, 7).
The computations in Ku¨chle’s paper show that its Hodge diamond has the Hodge diamond of a K3
surface sitting inside, so one can expect this variety to be analogous to a cubic 4-fold. In particular, it is
natural to expect that its derived category has a noncommutative K3 surface as one of the components
(cf. [Kuz10]) and that the Hilbert schemes of rational curves on it give rise to some hyper-Ka¨hler varieties,
like the Fano scheme of lines ([BD85]), or the Hilbert scheme of twisted cubics ([LLSvS13]) on a cubic
4-fold. Also the rationality questions for these varieties might be interesting.
Question 1.3. Is there a semirthogonal decomposition of the derived category of a Ku¨chle variety of type
(c5) with a noncommutative K3 surface as one of the components? Does it give a hyper-Ka¨hler structure
on some Hilbert schemes of curves. What can be said about rationality of varieties of that type?
In fact, varieties of type (d3) and (c7) discussed in this paper also have the Hodge diamond of a K3
surface inside, and we could also ask Question 1.3 for those. However, the simplified description of these
varieties obtained in sections 3 and 4 answers (is a sense) this question. For varieties of type (d3) the
answer is trivial (all varieties are rational, their derived category contains a commutative K3 surface as
a component, and the Hilbert schemes should reduce to moduli spaces of sheaves on the associated K3
surface). For varieties (c7) the question reduces to the same question for special cubic 4-folds.
Acknowledgements: I am very grateful to Atanas Iliev who informed me about the Ku¨chle’s paper
and attracted my attention to the question. I would also like to thank Cinzia Casagrande and Sergei
Galkin for discussions of the geometry of the variety of type (b9).
2. Varieties of types (b4) and (b9)
2.1. Type (b4). Recall that a Ku¨chle variety of type (b4) is the zero locus of a global section of the
vector bundle S2U∨ ⊕O(2) on Gr(2, 6).
Proposition 2.1. A smooth Ku¨chle variety Xb4 of type (b4) is an intersection of divisors of bidegree
(1, 1) and (2, 2) in P3 × P3.
Proof. A global section of the vector bundle S2U∨ on Gr(2, 6) is given by a quadratic form on the
underlying 6-dimensional vector space V = C6 and its zero locus is nothing but the Fano scheme of lines
on the associated quadric in P(V ). If the quadric were degenerate the zero locus would have at least
3-dimensional singularity and hence Xb4 would also be singular. So we can assume that the quadric is
nondegenerate. But a nondegenerate quadric in P(V ) = P5 can be identified with the Grassmannian
Gr(2,W ) ⊂ P(Λ2W ) for a 4-dimensional vector space W = C4, and the Fano scheme of lines on Gr(2,W )
then identifies with the flag variety Fl(1, 3;W ). Further, the flag variety Fl(1, 3;W ) is the divisor of
bidegree (1, 1) in P(W )× P(W∨) (corresponding to the natural pairing between W and W∨), and under
this identification the restriction of the generator of Pic(Gr(2, V )) corresponds to the class of the divisors
of bidegree (1, 1) in Fl(1, 3;W ) ⊂ P(W ) × P(W∨). Consequently, taking an additional zero locus of a
section of the line bundle O(2) on Gr(2, V ) is equivalent to taking the zero locus of a section of the line
bundle O(2, 2) on Fl(1, 3;W ). 
Denote by h the pullback via the projection Xb4 → P(W ) of the positive generator of Pic(P(W )).
Corollary 2.2. A Ku¨chle variety Xb4 of type (b4) has a structure of a conic bundle over P
3. For generic
Xb4 the discriminant of the conic bundle is an octic surface in P
3 with 80 ordinary double points.
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Proof. The projection Fl(1, 3;W ) → P(W ) is the projectivization of the bundle ΩP(W ) and a divisor of
bidegree (2, 2) gives a quadratic form on ΩP(W ), i.e. a symmetric morphism ΩP(W ) → TP(W ). By [HT84]
the classes of the discriminant and the corank 2 locus of this map can be computed as 2c1(TP(W ))
and 4(c1(TP(W ))c2(TP(W )) − c3(TP(W ))) respectively. Substituting c1(TP(W )) = 4h, c2(TP(W )) = 6h
2 and
c3(TP(W )) = 4h
3 we conclude that the discriminant is an octic surface and its singular locus has class
4(4h · 6h2 − 4h3) = 4(24h3 − 4h3) = 80h3. For generic Xb4 this shows that the corank 2 locus consists of
80 points, and these points are the only singularities of the discriminant. 
Using this description one can decompose the derived category.
Proposition 2.3. Let X = Xb4. Then there is a semiorthogonal decomposition
D(Xb4) = 〈OX ,OX(h),OX (2h),OX (3h),D(P(W ),Cℓ0)〉,
where
Cℓ0 = OP(W ) ⊕ Ω
2
P(W )
is the sheaf of even parts of Clifford algebras associated with the conic bundle X → P(W ). The category
D(P(W ),Cℓ0) is a twisted 3-Calabi–Yau category.
Proof. By [Kuz08, Thm. 4.2] a conic bundle structure of X gives a two-component semiorthogonal de-
composition D(X) = 〈D(P(W )),D(P(W ),Cℓ0)〉. Taking into account the standard exceptional collection
in the derived category of the projective space P(W ) we deduce the first claim. The explicit formula
for the even part of the Clifford algebra in this case is [Kuz08, (12)]. Finally, to check the Calabi–Yau
property of D(P(W ),Cℓ0) we use Theorem 5.3 of [Kuz14]. For this we note that Fl(1, 3;W ) is a P
2-bundle
over P(W ) and so it has a rectangular Lefschetz decomposition
D(Fl(1, 3;W )) = 〈D(P(W )),D(P(W )) ⊗O(1, 1),D(P(W )) ⊗O(2, 2)〉.
Applying the Theorem we deduce that the square of the Serre functor of the category D(P(W ),Cℓ0)
is isomorphic to the shift by 6. Hence the composition of the Serre functor with the shift by −3 is an
involution τ , so the category can be considered as a τ -twisted 3 Calabi–Yau category. 
Remark 2.4. One can consider the equivariant with respect to the involution τ category D(P(W ),Cℓ0)
τ
(in the spirit of [KP14]). This category is an untwisted 3 Calabi–Yau category, it would be interesting
to investigate it.
2.2. Type (b9). In fact, these varieties were recently thoroughly investigated by Cinzia Casagrande
in [Cas14]. In particular, she proved the following
Theorem 2.5 ([Cas14, Sec. 3.2]). Let Xb9 be a Ku¨chle fourfold of type (b9). Then there are 7 points
x1, . . . , x7 ∈ P
4 in a general position such that Xb9 is obtained from the blowup Blx1,...,x7P
4 in the 7 points
by 22 antiflips in the proper preimages of 21 lines Lij passing through xi and xj and the proper preimage
of the rational normal quartic C passing through all seven points.
This result has an immediate consequence for the structure of the derived category.
Corollary 2.6. The derived category D(Xb9) has a full exceptional collection of length 48.
Proof. The projective space P4 has an exceptional collection of length 5. When we blowup 7 points, by
Orlov’s blowup formula, we should add 3 exceptional objects for each of the points, which gives 7 ·3 = 21
more exceptional objects. Finally, for each of 22 anti-flips by [BO95] we should add one more object. So,
in the end we get an exceptional collection of length 5 + 21 + 22 = 48. 
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3. Varieties of type (d3)
By definition the Ku¨chle 4-fold of type (d3) is the zero locus of a generic section of the vector bundle
Λ2U∨ ⊕ Λ2U∨ ⊕ O(1) on Gr(5, 10). Note that it is a hyperplane section of a fivefold M defined as the
zero locus of a section of Λ2U∨ ⊕ Λ2U∨ on Gr(5, 10). We start with its description. In fact, we prove a
more general result below by replacing Gr(5, 10) by Gr(n, 2n) with arbitrary n.
3.1. Lagrangian spaces for a pencil of skew-forms. Let V be a vector space of dimension 2n and
let λ : C2 → Λ2V ∨ be a pencil of skew-forms. Let Mλ be the zero locus of the global section of the
vector bundle Λ2U∨ ⊕ Λ2U∨ on Gr(n, V ) corresponding to this pencil. Clearly, it parameterizes all half-
dimensional subspaces in V which are Lagrangian for all skew-forms in the pencil.
Theorem 3.1. If Mλ is smooth then Mλ ∼= (P
1)n.
Proof. Consider the line Lλ ⊂ P(Λ
2V ∨) corresponding to the pencil λ and the discriminant hypersurface
D ⊂ P(Λ2V ∨) corresponding to degenerate skew-forms. Since the degeneracy condition for a skew-form
is equivalent to the vanishing of its determinant, which in its turn equals to the square of the Pfaffian,
we see that D is a hypersurface of degree n. Consequently, the intersection Lλ ∩D consists of n points
(counted with appropriate multiplicity) unless the line is contained in D. For each intersection point
λi ∈ Lλ ∩D denote by Ki ⊂ V the kernel of the skew-form λi. Let us show that the smoothness of Mλ
is equivalent to the following two conditions:
(1) the intersection Lλ ∩D = {λ1, λ2, . . . , λn} consists of n distinct points, and
(2) for each 1 ≤ i ≤ n we have dimKi = 2 and V = K1 ⊕ · · · ⊕Kn is a direct sum decomposition.
To prove this, note that given a skew-symmetric form λ0 the zero locus of the corresponding section
of Λ2U∨ on Gr(n, V ) is singular at a point corresponding to an n-dimensional subspace U ⊂ V if and
only if dim(U ∩ Kerλ0) ≥ 2 — this can be checked by a simple local computation.
Now assume first that dimKi > 2 for some i. Choose a skew-form λ0 in the pencil λ distinct from λi.
Let K0 ⊂ Ki be a 2-dimensional subspace which is isotropic for λ0 (it exists since dimKi > 2). Let
K⊥0 ⊂ V be the orthogonal of K0 with respect to λ0. Then K0 ⊂ K
⊥
0 since K0 is λ0-isotropic. Let
V ′ := K⊥0 /K0, dimV
′ = 2n− 4. Note that K0 is in the kernel of the restriction to K
⊥
0 of both λi and λ0,
hence both forms induce skew-forms λ′i and λ
′
0 on V
′. Let U ′ ⊂ V ′ be a subspace of dimension n − 2
isotropic for both λ′i and λ
′
0 (it exists by a dimension count). Let U ⊂ K
⊥
0 ⊂ V be the preimage of
U ′ under the projection K⊥0 → K
⊥
0 /K0 = V
′. By construction U is an n-dimensional subspace in V
isotropic for both forms λi and λ0. Moreover, dim(U ∩Ki) ≥ 2, hence the zero locus of λi on Gr(n, V ) is
singular at U , and on the other hand U is also contained in the zero locus of λ0. Hence it gives a singular
point in the intersection of the zero loci, i.e. on Mλ. This shows that for smooth Mλ we have dimKi = 2
for all i.
Note also that the above argument also proves that the kernel Ki of λi is not isotropic for the other
skew-forms in the pencil (otherwise we could take K0 = Ki and repeat the argument) and this implies
the transversality of Lλ and D. Indeed, the tangent space to D at a point λi is the space of all skew-forms
vanishing on Ki, and as we just noted the line Lλ is not contained in it. The transversality shows that
there are precisely n distinct points of intersection of Lλ with D.
So, it remains to show the direct sum decomposition. Take a nondegenerate skew-form λ0 in the
pencil. Let us show that all the kernel spaces Ki are mutually orthogonal with respect to λ0, i.e. that
λ0(Ki,Kj) = 0 for all i 6= j. For this note that λ0 is a linear combination of λi and λj , and so it is
enough to show that λi(Ki,Kj) = 0 and λj(Ki,Kj) = 0. But both equalities are evident since Ki is the
kernel of λi and Kj is the kernel of λj . As also the restriction of λ0 to each Ki is nondegenerate, the
direct sum decomposition follows.
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Remark 3.2. In fact what we proved is that Mλ is smooth if and only if the pencil of skew-forms in
appropriate basis can be written in a block-diagonal form
λ = u diag
((
0 1
−1 0
)
,
(
0 1
−1 0
)
, . . . ,
(
0 1
−1 0
))
+ v diag
((
0 −a1
a1 0
)
,
(
0 −a2
a2 0
)
, . . . ,
(
0 −an
an 0
))
,
where u and v are appropriate coordinates on the pencil and a1, . . . , an ∈ C are pairwise distinct. This
is an analogue of a standard form for a pencil of quadrics.
Now let us show that Mλ is isomorphic to the product P(K1)×P(K2)× · · · ×P(Kn) ∼= (P
1)n. For this
we define a map Mλ →
∏
P(Ki) as follows. Let U ⊂ V be an n-dimensional vector subspace isotropic for
the pencil λ. The pencil of skew-forms λ gives a pencil of maps λ : U → U⊥. The Pfaffian of a skew-form
λ in the pencil equals the determinant of the corresponding map U → U⊥, hence the maps λ1, . . . , λn are
degenerate. This means that U intersects nontrivially all the kernel spaces Ki. But then it follows that
U = (U ∩K1)⊕ (U ∩K2)⊕ · · · ⊕ (U ∩Kn), and dim(U ∩Ki) = 1 for each i.
Indeed, each summand in the right-hand side is at least 1-dimensional, and the sum is a direct sum, hence
the dimension of the right-hand side is at least n. On the other hand, the right-hand side is evidently
contained in the left-hand side, and the dimension of that is also n. Hence the sides coincide and the
dimension of each summand in the right-hand side is 1. This means that
M → P(K1)× P(K2)× · · · × P(Kn), U 7→ (U ∩K1, U ∩K2, . . . , U ∩Kn)
is a well defined map. The inverse map, of course, is given by
P(K1)× P(K2)× · · · × P(Kn)→M, (u1, u2, . . . , un) 7→ Cu1 ⊕ Cu2 ⊕ · · · ⊕ Cun.
To check that it is well defined we should show that λ(ui, uj) = 0 for any skew-form λ in the pencil and
all ui ∈ Ki, uj ∈ Kj. But this follows from the fact that λ is a linear combination of λi and λj and
λi(ui, uj) = λj(ui, uj) = 0 since ui ∈ Ki = Kerλi and uj ∈ Kj = Kerλj (actually, we already used this
argument before).
The constructed two maps are clearly mutually inverse, so this proves the Theorem. 
3.2. A hyperplane section. In the previous paragraph we proved that a smooth zero locus of a section
of the vector bundle Λ2U∨⊕Λ2U∨ on Gr(n, 2n) is isomorphic to (P1)n. Now we can describe its hyperplane
section.
Lemma 3.3. Under the isomorphism of Theorem 3.1 the line bundle OGr(n,2n)(1)|Mλ identifies with the
line bundle O(1, 1, . . . , 1) on (P1)n. In particular, the zero locus of a general section of the vector bundle
Λ2U∨ ⊕ Λ2U∨ ⊕O(1) on Gr(n, 2n) is isomorphic to a divisor of multidegree (1, 1, . . . , 1) in (P1)n.
Proof. The precise form of the isomorphism of Theorem 3.1 shows that the restriction of the tautological
bundle U from Gr(n, 2n) to (P1)n splits as
U|(P1)n =
n⊕
i=1
p∗iO(−1),
where pi is the projection of (P
1)n to the i-th factor. As OGr(n,2n)(−1) = detU , it follows that its
restriction to (P1)n is isomorphic to ⊗ni=1p
∗
iO(−1) = O(−1,−1, . . . ,−1), which proves the first statement.
The second statement is evident. 
Consider a divisor of multidegree (1, 1, . . . , 1) on P(K1) × P(K2) × . . .P(Kn), where K1,K2, . . . ,Kn
are 2-dimensional vector spaces. Such a divisor is given by a multilinear form s ∈ K∨1 ⊗K
∨
2 ⊗ · · · ⊗K
∨
n ,
which can be also thought of as a linear map
s : Kn → K
∨
1 ⊗K
∨
2 ⊗ · · · ⊗K
∨
n−1.
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The latter gives a pencil of sections of the line bundle O(1, 1, . . . , 1) on P(K1) × P(K2) × . . .P(Kn−1).
Denote by Z ⊂ P(K1)× P(K2)× . . .P(Kn−1) the intersection of the corresponding divisors.
Lemma 3.4. The projection P(K1) × P(K2) × . . .P(Kn) → P(K1)× P(K2)× . . .P(Kn−1) identifies the
zero locus X of the section s of O(1, 1, . . . , 1) with the blowup of P(K1)× P(K2)× . . .P(Kn−1) in Z. In
particular, X is rational.
Proof. Evident. 
Considering the case n = 5 we obtain a description of Ku¨chle 4-folds of type (d3).
Corollary 3.5. A Ku¨hle fourfold Xd3 is isomorphic to the blowup of (P
1)4 in a K3-surface Z defined as
the intersection of two divisors of multidegree (1, 1, 1, 1).
Proof. The only thing to check is that Z defined as above is a K3 surface. But this follows immediately
from the adjunction formula and Lefschetz Theorem. 
Let hi denote the pullback to Xd3 of the ample generator of the Picard groups of P(Ki).
Corollary 3.6. There is a semiorthogonal decomposition
D(Xd3) =
〈
{OX (k1h1 + k2h2 + k3h3 + k4h4)}0≤ki≤1 ,D(Z)
〉
.
consisting of 16 exceptional line bundles and the derived category of a K3-surface Z.
Proof. This is an immediate consequence of the Orlov’s blowup formula applied to the standard excep-
tional collection on the product of projective lines. 
Remark 3.7. One could also predict a K3 category in D(Xd3) with the help of [Kuz14, Theorem 5.3].
Indeed, D(M) clearly has a rectangular Lefschetz decomposition of length 2, so applying the Theorem,
one immediately gets such a conclusion.
4. Varieties of type (c7)
By definition the Ku¨chle 4-fold of type (c7) is the zero locus of a generic section of the vector bundle
Λ2U⊥(1) ⊕ O(1) on Gr(3, 8). Again, as in the case with type (d3) we first consider a 5-fold M defined
as the zero locus of a section of Λ2U⊥(1). For convenience, we replace the Grassmanian Gr(3, 8) with
Gr(5, 8). As the bundle U⊥ on the first is isomorphic to the bundle U on the second, the 5-fold M is the
zero locus of a generic section of the bundle Λ2U(1) ∼= Λ3U∨ on Gr(5, 8).
Let λ ∈ Λ3V ∨ be a generic 3-form on a vector space V of dimension 8. Let M ⊂ Gr(5, V ) be the
zero locus of λ considered as a section of the vector bundle Λ3U∨. In other words, M is the locus of all
5-subspaces U ⊂ V such that the restriction of λ to U is zero (one could call such U isotropic). We will
show below that M is isomorphic to the blowup of P5 in the Veronese surface.
4.1. The blowup of P5 in the Veronese surface. Let W be a vector space of dimension 3. Consider
the Veronese embedding P(W )→ P(S2W ) and let Y be the blowup of P(S2W ) with the center in P(W ).
Lemma 4.1. There is an embedding Y ⊂ P(S2W )× P(S2W∨) such that
Y = {(C,C ′) ∈ P(S2W )× P(S2W∨) | C · C ′ = t · 1W for some t ∈ C},
where C · C ′ ∈ P(W ⊗W∨) is the image of C ⊗ C ′ under the natural map S2W ⊗ S2W∨ → W ⊗W∨.
The projections π : Y → P(S2W ) and π′ : Y → P(S2W∨) are the blowups of the Veronese surfaces
P(W ) ⊂ P(S2W ) and P(W∨) ⊂ P(S2W∨). The Picard group of Y is generated by the pullbacks H and
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H ′ of the positive generators of Pic(P(S2W )) and Pic(P(S2W∨)) respectively. The exceptional divisors E
and E′ of the blowups π and π′ are expressed as
E = 2H −H ′, E′ = 2H ′ −H
and the canonical class is
KY = 2E − 6H = 2E
′ − 6H ′ = −2(H +H ′).
Proof. Consider the rational map P(S2W )→ P(S2W∨) defined by C 7→ Ĉ, where Ĉ is the adjoint matrix
of C. One can check that Y is its graph. Alternatively, Y can be identified with the space of complete
quadrics in P(W ). All the properties of Y are well known. 
Consider the natural GL(W )-action on Y .
Lemma 4.2. The action of GL(W ) on Y has precisely 4 orbits:
Y0 = {(C,C
′) | r(C) = 3, r(C ′) = 3, C ′ = Ĉ}, y0 =
((
1 0 0
0 1 0
0 0 1
)
,
(
1 0 0
0 1 0
0 0 1
))
,
Y1 = {(C,C
′) | r(C) = 2, r(C ′) = 1, C ′ = Ĉ}, y1 =
((
1 0 0
0 1 0
0 0 0
)
,
(
0 0 0
0 0 0
0 0 1
))
,
Y2 = {(C,C
′) | r(C) = 1, r(C ′) = 2, C = Cˆ ′}, y2 =
((
1 0 0
0 0 0
0 0 0
)
,
(
0 0 0
0 1 0
0 0 1
))
,
Y3 = {(C,C
′) | r(C) = 1, r(C ′) = 1, C · C ′ = 0}, y3 =
((
1 0 0
0 0 0
0 0 0
)
,
(
0 0 0
0 0 0
0 0 1
))
,
the points y0, y1, y2, y3 ∈ Y being typical repreentatives of the orbits.
Proof. A straightforward computation. 
Consider the maps
c : Λ2W∨ ⊗OY (−H)→W ⊗W
∨ ⊗OY , ξ
′ 7→ C · ξ′,
c′ : Λ2W ⊗OY (−H
′)→W ⊗W∨ ⊗OY , ξ 7→ ξ · C
′.
Lemma 4.3. The sum of the maps c and c′
Λ2W∨ ⊗OY (−H)⊕ Λ
2W ⊗OY (−H
′)
c+c′
−−−−→W ⊗W∨ ⊗OY ,
has contant rank 3. Its image g := Im(c + c′) is a vector subbundle of rank 3 in sl(W ) ⊗OX , each fiber
of which is a Lie subalgebra.
Proof. The map is evidently GL(W )-equivariant, so it suffices to compute it at points y0, y1, y2, y3. A
direct computation shows that the images at these points are the spaces of 3×3 matrices of the following
form
g0 =
{(
0 a b
−a 0 c
−b −c 0
)}
, g1 =
{(
0 a b
−a 0 c
0 0 0
)}
, g2 =
{(
0 a b
0 0 c
0 −c 0
)}
, g3 =
{(
0 a b
0 0 c
0 0 0
)}
,
respectively. Each space is 3-dimensional and consists of matrices with zero trace, hence the first claim.
Moreover, each subspace is a Lie subalgebra in sl(W ), hence the second claim. 
Remark 4.4. Note that g0 = so(W,C
′) is the special orthogonal (with respect to the form C ′) Lie algebra.
Remark 4.5. Note also that each of the subalgebras has the following funny property — for each vector in
W and for each covector inW∨ there is a nonzero element ξ in the subalgebra annihilating this (co)vector.
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4.2. Isotropic 5-spaces for a 3-form on an 8-space. Now we can relate the variety Y discussed in the
previous subsection to the scheme M ⊂ Gr(5, V ) of isotropic 5-spaces in a vector space V of dimension 8
for a 3-form λ ∈ Λ3V ∨. Indeed, we can identify the space V with the Lie algebra sl(W ). Since sl(W )
has a natural nondegenerate scalar product (the Killing form), we can consider the orthogonal g⊥ of the
subbundle g defined in Lemma 4.3 with respect to it. Then g⊥ ⊂ sl(W ) ⊗ OY = V ⊗ OY is a vector
subbundle of rank 5, and so it gives a morphism
ϕ : Y → Gr(5, V ).
It remains to construct a 3-form on V and to show that Y is identified by this map with M ⊂ Gr(5, V ).
Lemma 4.6. There is a unique SL(W )-invariant 3-form λ on the adjoint representation sl(W ) of SL(W ).
It is given by the formula
λ(ξ1, ξ2, ξ3) = Tr([ξ1, ξ2]ξ3).
Proof. Let us show that the right-hand-side is a skew-form. Indeed, λ is clearly skew-symmetric in the
first two arguments, so it remains to show that it is invariant under the cyclic permutation. But this
follows immediately from the invariance of the trace under the cyclic permutation. Finally, a direct
computation with the Littlewood–Richardson rule gives
Λ3(sl(W )) ∼= Σ2,0,−2W ⊕ S3W∨ ⊕ S3W ⊕ sl(W )⊕ C,
an isomorphism of SL(W )-modules. We see that the trivial module has multiplicity 1, hence an invariant
3-form is unique. 
Proposition 4.7. The form λ is the generic 3-form on a vector space of dimension 8.
Proof. Let V be a vector space of dimension 8. Recall that by [E´la72, Table 1] the action of the group
SL(V ) on the space P(Λ3V ∨) of 3-forms has a dense orbit, the Lie algebra of the stabilizer of the generic
3-form is sl3 ⊂ sl(V ), and the restriction of the representation V to this sl3 is isomorphic to the adjoint
representation. Thus we can identify
V ∼= sl(W )
so the generic 3-form on V identifies with an SL(W )-invariant 3-form on sl(W ). As we have shown that
λ is the unique such form, the Proposition follows. 
Remark 4.8. In an appropriate basis the form λ can be written explicitly as
λ = x238 + x167 − x247 − x356 − x148 − x158.
Proposition 4.9. The map ϕ : Y → Gr(5, V ) is a closed embedding and its image coincides with the
zero locus M of the global section λ of the vector bundle Λ3U∨.
Proof. First let us show that the image of the map ϕ is contained in M , i.e. consists of 5-dimensional
subspaces isotropic for λ. Since Y is irreducible and the condition of being isotropic is closed, it is enough
to check that the image of the open GL(W )-orbit Y0 ⊂ Y consists of isotropic subspaces. Moreover, since
the map ϕ and the form λ are GL(W )-invariant, it is enough to check only that the image of the point
y0 is isotropic. This can be done by a straightforward computation. Indeed, we have ϕ(y0) = g
⊥
0 is the
space of all symmetric 3 × 3 matrices with zero trace. Take any ξ1, ξ2, ξ3 ∈ g
⊥
0 . Then it is clear that
[ξ1, ξ2] is a skew-symmetric matrix, so it is in g0, hence Tr([ξ1, ξ2]ξ3) = 0.
Second, let us check that the map ϕ is an embedding on the open orbit Y0. Indeed, this is clear since
a nondegenerate quadratic form C ′ can be reconstructed from the Lie algebra g = so(W,C ′) ⊂ sl(W ) as
the unique g-invariant quadratic form in S2W∨.
Thus we just checked that the morphism ϕ is a morphism Y → M ⊂ Gr(5, V ) and this morphism is
injective on the open subset Y0 ⊂ Y . Since both Y and M are 5-dimensional, the morphism is birational.
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Since both are smooth and have Picard number 2 (for Y this is clear by definition and for M this is
proved in [Ku¨c95]), this is an isomorphism. 
Thus we have proved the following
Theorem 4.10. The zero locusM of a generic section of the vector bundle Λ3U∨ on Gr(5, 8) is isomorphic
to the blowup of P5 in Veronese surface ν2(P
2).
4.3. A hyperplane section. Recall that by definition the Ku¨chle fourfold of type (c7) is a half-
anticanonical section of the variety M . By Lemma 4.1 the corresponding linear system on M is 3H −E,
where H is the pullback to M of the generator of Pic(P5), and E is the exceptional divisor of the blowup
M → P5.
Corollary 4.11. Let X be a Ku¨chle fourfold of type (c7). Then there is a cubic fourfold Z containing a
Veronese surface S = ν2(P
2) such that X is isomorphic to the blowup of Z in S.
Proof. Evident. 
Now we can also describe the derived category. Denote by EX the exceptional divisor of the blowup
map X → Z and by i : EX → X its embedding. Note that EX is a P
1-bundle over S. Denote by h the
positive generator of Pic(S) and its pullback to EX .
Corollary 4.12. There is a semiorthogonal decomposition
D(Xc7) = 〈OX ,OX(H),OX (2H), i∗OEX , i∗OEX (h), i∗OEX (2h),AX 〉,
where AX is a noncommutative K3 cateogry, equivalent to the nontrivial part of the derived category of
the cubic fourfold Z.
Proof. The derived category of Z has a decomposition D(Z) = 〈OZ ,OZ(H),OZ(2H),AZ〉 with AZ
being a noncommutative K3 category (see [Kuz10]). Since X is the blowup of Z in S we have by Orlov’s
blowup formula D(X) = 〈OX ,OX(H),OX (2H),AZ ,D(S)〉. Mutating AZ to the right and replacing
D(S) = D(P2) by the standard exceptional collection we get the result. 
Remark 4.13. Again, one could predict appearance of a K3 category by using [Kuz14, Theorem 5.3].
Indeed, the blowup M of P5 in the Veronese surface has an exceptional collection consisting of 6 line
bundles pulled back from P5 and 6 line bundles sitting on the exceptional divisor. Mutating, one can
arrange them into a rectangular Lefschetz decomposition consisting of two blocks and then apply the
Theorem.
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